In this paper, we discuss generalized hierarchical minimax theorems with four set-valued mappings and we propose some scalar hierarchical minimax theorems and generalized hierarchical minimax theorems in topological spaces. Some examples are given to illustrate our results.
Let X, Y be two nonempty sets in two local convex Hausdorff topological vector spaces, respectively, Z be a local convex Hausdorff topological vector space, S ⊂ Z be a closed convex pointed cone with int S = ∅, and let Z * denote the topological dual space of Z.
A set-valued mapping F : X →  Z are associated with other two mappings F -: Z →  X , the inverse of F and F * : Z →  X the dual of F, defined as F -(z) = {x ∈ X : z ∈ F(x)} and F * (z) = X \ F -(z). 
Definition . ([
]
Definition . ([]) Let F : X → 
Z be a set-valued mapping with nonempty values.
(i) F is said to be upper semicontinuous (shortly, u.s.c.) at x  ∈ X, if for any neighborhood N(F(x  )) of F(x  ), there exists a neighborhood N(x  ) of x  such that F(x) ⊂ N(F(x  )), ∀x ∈ N(x  ). F is u.s.c. on X if F is u.s.c. at any x ∈ X. (ii) F is said to be lower semicontinuous (shortly, l.s.c.) at
. F is l.s.c. on X if F is l.s.c. at any x ∈ X. (iii) F is said to be continuous at x  ∈ X, if F is both u.s.c. and l.s.c. at x  . F is continuous on X if F is continuous at any x ∈ X. (iv) F is said to be closed if the graph of F is closed subset of X × Z.
Definition . ([]
) Let X be a nonempty subset of a topological vector space, F : X →  Z be a set-valued mapping.
(i) F is said to be S-concave (respectively, S-convex) on X, if for any
(ii) F is said to be properly S-quasiconcave (respectively, properly S-quasiconvex) on X, if for any x  , x  ∈ X and λ ∈ [, ],
(iii) F is said to be naturally S-quasiconcave (respectively, naturally S-quasiconvex) on X, if for any 
is nonempty closed and upper semicontinuous.
In the sequel we need the following alternative theorem which is a variant form of Balaj [] . 
Then at least one of the following assertions holds:
Hierarchical minimax theorems for scalar set-valued mappings
In this section, we first establish the following hierarchical minimax theorems for scalar set-valued mappings.
Theorem . Let X, Y be two nonempty compact convex subsets of local convex Hausdorff topological vector spaces, respectively. Let 
Furthermore, assume that the sets y∈Y F  (x, y) and x∈X F  (x, y) are compact for all y ∈ Y and x ∈ X, respectively. Assume the following condition holds:
Proof For any real numbers α, β ∈ R with α > β, we define the mappings
Then we can see that
Let y ∈ F  (co A) for a finite subset A ⊂ X. Without loss of generality, we suppose that
For any sequence (
, and so (x  , y  ) ∈ graph F  . This implies that F  is closed. From compactness of Y it follows that F  is upper semicontinuous.
Noticing the compactness of Y , we see that F *  is upper semicontinuous.
Since y → F  (x, y) is closed for all x ∈ X, F  is closed valued. In fact, for any sequence y n ⊂ F  (x) with y n → y  , there exists f n ∈ F  (x, y n ) such that f n ≥ α. We can take subsequence {f n k } such that lim k→∞ f n k = lim inf n→∞ f n = f  . Then f  ≥ α. It follows from the closedness of F(x, ·) that f  ∈ F(x, y  ), and so F  has closed values. Next, we claim that F *  has closed values. For any sequence x n ⊂ F *  (y) that converges to some point Then from Lemma ., it follows that either there is x  ∈ X such that F  (x  ) = ∅, or x∈X F  (x) = ∅. That is, for any real numbers α, β ∈ R with α > β, either there is
Furthermore, the compactness of 
By the arbitrariness of α and β, () holds.
Example . Let
We can see that F i (x, y) ⊂ F i+ (x, y) -R + for all (x, y) ∈ X × Y and conditions (i)-(iii) of Theorem . hold. It is obvious that x∈X F  (x, y) and y∈Y F  (x, y) are compact for all y ∈ Y and x ∈ X, respectively. Now, we show condition (iv) of Theorem . is true. One can calculate that Min x∈X F  (x, y) = {y}, ∀y ∈ Y , and Max y∈Y Min x∈X F  (x, y) = . Taking x = , we have
Then all of the conditions of Theorem . valid. So, the conclusion of Theorem . holds. In fact, Min x∈X Max y∈Y F  (x, y) =  <  = Max y∈Y Min x∈X F  (x, y).
When F  (x, y) = F  (x, y) = F(x, y) and F  (x, y) = F  (x, y) = G(x, y) in Theorem ., we state the special case of Theorem . as follows.
Theorem . Let X, Y be two nonempty compact convex subsets of local convex Hausdorff topological vector spaces, respectively. The set-valued mappings F, G
: X × Y →  R with F(x, y) ⊂ G(x, y) -R + . Assume that (i) (x, y) → F(x, y) is u.
s.c. with nonempty closed values, and (x, y) → G(x, y) is l.s.c. (ii) y → F(x, y) is naturally R + -quasiconcave on Y for each x ∈ X, and x → G(x, y) is naturally
Furthermore, assume that the sets y∈Y F(x, y) and x∈X G(x, y) are compact for all y ∈ Y and x ∈ X, respectively. Assume the following condition holds: 
Remark . It is obvious that F(x, y) ⊂ G(x, y) implies F(x, y)
It is well known that both sets y∈Y F(x, y) and x∈X G(x, y) are compact for any y ∈ Y and x ∈ X whenever the mappings F and G are upper semicontinuous with nonempty compact values. Hence we can deduce the following result. 
Generalized hierarchical minimax theorem
In this section, we will discuss some generalized hierarchical minimax theorems for setvalued mappings valued in a complete locally convex Hausdorff topological vector space. 
By using a similar discussion to Theorem . in [], we have ξ ∈ S * and ξ (S) = R + . From assumptions (i) and (iii), it is easy to see that ( 
Since Y is compact and F  has nonempty compact values, for any x ∈ X, there exist y x and
From (), choosing s =  and u = f (x, y x ), it follows that
Since Y is compact, there exists y ∈ Y such that
From ξ (s) ≥  for all s ∈ S, it follows that v / ∈ x∈X (F  (x, y )) + S, and then
Combined with the assumption (v), we have
Therefore, () holds.
For all (x, y) ∈ X × Y , we can see that the F i (x, y), i = , , , , are compact and
It is easy to show that the conditions (i)-(iii) hold in Theorem .. We explain conditions (iv) and (v) are valid. We can calculate that 
